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Notation System Used
CAPM = Capital Asset Pricing Model


ERP = Equity Risk Premium


FCSs = Free Cash Flows


GBM = Geometric Brownian Motion


IRR = Internal Rate of Return


MVIC = Market Value of Invested Capital 


NPV = Net Present Value


WACC = Weighed Average Cost of Capital
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Focus

This presentation will be a trip towards:


Corporate Finance


Financial Accounting


Financial Mathematic


Statistic


Stochastic Processes 
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Our goal
The goal of this presentation is making 
you aware about how to work out the 
minimum initial rate of a public service.


Which is the initial rate that the 
customers will start to pay for that 
service/utility at year one.


Often there is a price cap. That means 
the rate cannot rise above a certain 
percentage (or amount) for the entire 
project’s life time.



The propellent

Our propellent will be math, but do not worry

It will be funny
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The Compass

For not loosing the orientation, a compass will show you the 
argument and the sub-argument.

Corporate Finance 
ERP 
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Capital Budgeting: Aims
Normally the goal is to evaluate an investment (a project, a new plant an acquisition, etc) 
basing upon the investors’ return above its cost of capital. 


For public service utilities the target is to work out the minimum initial rate that allows:


1. The economic independence of the project or investment.


2. The service’s maximum availability as a matter of minimum price and maximum 
quantity available.


By the way, more than economic or financial decision, the latter is a political decision.


!
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The Creation of Value
The combination of growth and return on investment  (ROI) relative to its cost is what drives 
value. 


Companies can sustain strong growth and high returns on invested capital only if they have a 
well-defined competitive advantage.


The corollary of this guiding principle, known as the conservation of value, says anything that 
doesn’t increase cash flows doesn’t create value.


For example, when a company substitutes debt for equity or issues debt to repurchase shares, 
it changes the ownership of claims to its cash flows (Capital structure). However, it doesn’t 
change the total available cash flows, so in this case value is conserved, not created. 


Similarly, changing accounting techniques will change the appearance of cash flows without 
actually changing the cash flows, so it won’t change the value of a company.
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The Methodology
In Europe, in America and many other countries around the world,  
many service utilities are corporations (public or private owned) 
controlled by local or central government agencies. 


In order to evaluate an investment, in corporate finance we use three 
methods: the Net Present Value, the Adjusted Present Value and the 
Internal Rate of Return.


We will focus our attention to the NPV and IRR. The APV method is a 
derivation of the NPV that makes possible to compare corporations 
with different capital structures.

Corporate Finance
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First and Foremost: A Prime in 
Financial Math

“Value today always equals future cash flow discounted at the opportunity cost of capital”.  
Brealey and Myers


Definition: A discount rate is a yield rate used to convert anticipated future payments or receipts 
into present value (i.e., a cash value as of today or as of a specified valuation date).


The discount rate that represents the total rate of return that the investors expect to realize on 
the amount invested is called Weighed Average Cost of Capital (WACC) or simply Cost of Capital.


The use of the cost of capital to estimate present value thus requires two sets of estimates: 


1. The numerator: The expected amount of return on the investment in each future period over 
the life of the investment, the Free Cash Flow.


2. The denominator: The discount rate, which is the cost of capital.

Financial Math
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Present Value Formula
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An Example: Valuing a Bond
The bond has a face value of $1,000. 


It pays 8% per year interest on its face value. 


The bond pays interest twice a year.


The bond matures exactly three years from the valuation date. 


As of the valuation date, the market yield to maturity (i.e., total rate of 
return, including interest payments and price appreciation) for bonds 
of the same risk grade as the subject bond is 10%.

Financial Math
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Some Considerations
The issuing company’s embedded cost of capital for this bond is only 
8%, although the market cost of capital at the valuation date is 10%. 
The discrepancy may be because the general level of interest rates was 
lower at the time of issuance of this particular bond, or because the 
market’s rating of the risk associated with this bond increased between 
the date of issuance and the valuation date. 


If the issuing company wanted to issue new debt on comparable terms 
as of the valuation date, it presumably would have to offer investors a 
10% yield, the current market-driven cost of capital for bonds of that 
risk grade, to induce investors to purchase the bonds. 

Financial Math 
Valuing a Bond
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Present Value Formula: Valuing a 
Bond (2)

Number of period-time: 3 x 2 (six month) = 6


Interest per period is 10%/2 = 5%


Interest rate for each period: 10% / 2 = 5%

Financial Math 
Valuing a Bond
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Present Value Formula: Valuing a 
Bond (3). Using Excel

Financial Math 
Valuing a Bond
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Discounting and Capitalization
In discounting, we project all expected returns (cash flows or other measure of 
economic income) from the subject investment to the respective class or 
classes of capital over the life of the investment. Thus, the percentage return 
that we call the discount rate represents the total compound rate of return that 
an investor in that class of investment expects to achieve over the life of the 
investment.


In capitalizing, instead of projecting all future returns on the investment to the 
respective class(es) of capital, we focus on the return of just one single period, 
usually the return expected in the first year immediately following the valuation 
date. We then divide that single number by a divisor called the capitalization 
rate.

Financial Math
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Capitalization formula

Financial Math
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Example: Valuing a Preferred Stock 

Financial Math
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Functional Relationship Between  
Discount Rate and Capitalization Rate

The preceding example presented the simplest possible scenario in which to apply the cost of 
capital through the capitalization method: a fixed cash flow stream in perpetuity. 


This is the one unique situation in which the discount rate (cost of capital) equals the capitalization 
rate.


But most real-world investments are not quite that simple. In the case of an investment in common 
stock, a partnership interest, or a capital budgeting project in an operating company, investors 
often are expecting some level of growth over time in the cash flows available to pay dividends.


If the expected annually compounded rate of growth is stable and sustainable over a long period of 
time, then the discount rate (cost of capital) can be converted to a capitalization rate. 


As stated earlier, the capitalization rate is a function of the discount rate. This obviously raises the 
question: What is the functional relationship between the discount rate and the capitalization rate? 

Financial Math
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Functional Relationship Between  
Discount Rate and Capitalization Rate (2)

Assuming stable long-term growth in the cash flows available to the 
investment being valued, the capitalization rate equals the discount 
rate minus the expected longterm growth rate. 


In a formula, this functional relationship can be stated as:

Financial Math
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Functional Relationship Between  
Discount Rate and Capitalization Rate (3)

Substituting we got: 

Financial Math
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The Gordon Growth Model
One frequently encountered minor modification to these formulas is to use as 
the “base period” the period just completed prior to the valuation date, 
instead of next period’s estimate. The assumption is that cash flows will grow 
evenly in perpetuity from the period immediately preceding the valuation date.


 This scenario is stated in a formula known as the Gordon Growth Model:

Financial Math
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Combining Discounting and 
Capitalization

After a certain amount of years (normally 10), and investment is 
thought to have and indefinite growth (Perpetuity).


In order to evaluate that perpetuity, we use the Gordon Growth 
Model.

Discounting formula

Gordon Growth Model or Capitalization formula with growth

Financial Math
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Combining Discounting and 
Capitalization (2)

Financial Math
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Combining Discounting and 
Capitalization. An Example

Expected net cash flows for 
years 1, 2, and 3 are $100, 
$120, and $140, respectively. 


Beyond year 3, cash flow is 
expected to grow fairly evenly 
at a rate of about 5% in 
perpetuity. 


The cost of capital for this 
investment is estimated to be 
12%.

Financial Math
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The Mid-Year Convention
In all of our examples, we have assumed that cash flows are received at the end of each 
year. 


Even if a company realizes cash flows throughout the year, payouts to the investors may be 
made only at the end of the year when the managers have seen the results of the entire year 
and have an idea about next year’s projections.


For some companies or investments, however, it may be more reasonable to assume that 
the cash flows are distributed more or less evenly throughout the year. To accommodate this 
latter assumption, we can modify our formulas for what we call the midyear convention. 


The midyear convention always results in a higher value, because the discount or 
capitalization rate remains the same, and the assumption is that the investor does not have 
to wait quite as long to receive returns.

Financial Math 
Corporate Finance
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Midyear Discounting and Capitalizing 
Convention 

Financial Math 
Corporate Finance
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Midyear Convention in the Two-stage 
Model

Financial Math 
Corporate Finance
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Valuing the Interest Bearing Debt

A long-term debt is a sum that the debtor receives in a single amount 
and that can be normally paid back in two ways:


1. Monthly, semestral or annual payments of coupons, and a lump-
sum payment of the principal at the expiration time. (Like many 
government bonds). Already seen in the previous slides. 


2. Monthly, semestral or annual payment of both coupon and interest. 
Many long-term interest bearing corporate liabilities belong to this 
second category.

Financial Math 
Excel
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The Amortization of Long-Term Debt

Suppose a corporation borrows $ 200,000 from a bank. 


The debt has to be paid back in 20 years, by annual posticipate (end 
of the year) payments, with the interest rate (fixed) of 5% annual.


The annual payments have the same amount, but the share of interest 
and principal will change every year.

Financial Math 
Excel
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The Amortization of Long-Term Debt 
(2)

Financial Math 
Excel
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The Amortization of Long-Term Debt 
(3)

How to work-out the PMT and the share of principal repaid? 


1. Spreadsheets.


2. Financial Calculator.

Financial Math 
Excel
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The Amortization of Long-Term Debt 
(4) STARTING 

Financial Math 
Excel
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When the Rate is Variable

Often the interest rate is not fixed but it is variable. Linked to some 
benchmark rate like LIBOR or EURIBOR.


In this case, we have just to rearrange the Excel’s formula.

Financial Math 
Excel
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When The Rate is Variable (2)

Financial Math 
Excel
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How to Work Out the NPV / DCF

1. We estimate the project’s Net Profits for its entire life period.


2. From Net Profits we work out the Free Cash Flows. 


3. We compute the Weighed Average Cost of Capital (WACC). 


4. We capitalize and discount the FCFs using WACC.


5. Then a coherent rate is applied in order to get an equal zero NPV. Or 
higher.

Corporate Finance
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Net Present Value
Actually, in Corporate Finance, the higher is the NPV, the more 
interesting is the project.


For local or central government owned utilities the ratio is a little bit 
more complicated. 


Normally they are not-for-profit organization, that means the project’s 
NPV has to be near zero. With exceptions for some capital 
constrains.


The rate that sets the NPV equal zero is the minimum rate.
Corporate Finance
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A Prime in Financial Accounting
Speaking about Financial Statements, we can focus on:


1. Balance Sheet: highlights the corporate’s capital structure and whether or not it is leveraged.


2. Income Statement (US Eng.) (Profit/Loss Account UK Eng.): It indicates how the revenues (money 
received from the sale of products and services before expenses are taken out, also known as the 
“top line”) are transformed into the net income (the result after all revenues and expenses have been 
accounted for, also known as “net profit” or the “bottom line”). 


3. Statement of Cash flow: is concerned with the flow of cash in and out of the business. The 
statement captures both the current operating results and the accompanying changes in the balance 
sheet. It breaks the analysis down to operating, investing, and financing activities.


4. Statement of Equity: details the change in owners' equity over an accounting period by presenting 
the movement in reserves comprising the shareholders' equity.

Financial Accounting
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American States Water 
Company’s Income 

Statement

Financial Accounting
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Financial Accounting

American States Water Company’s Balance 
Sheet
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Net Cash Flows Should Be Probability-
Weighted Expected  Values 

The NPV of a project is always forward-looking, that mens analysts have to 
estimate the income statements throughout its entire life. 


Analysts evaluate for this purpose:


Other similar projects.


Market researches.


Scenario and sensitive analysis.


Net cash flows to be discounted or capitalized should be expected values, 
that is, probability-weighted cash flows.

Corporate Finance
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Net Cash Flows Should Be Probability-
Weighted Expected  Values (2) 

If the distribution of possible cash flows in each period is symmetrical 
above and below the most likely cash flow in that period, then the 
most likely cash flow is equal to the probability-weighted cash flow 
(the mathematical expected value of the distribution). 


However, many distributions of possible cash flows are skewed.

Corporate Finance 
Statistic
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Net Cash Flows Should Be Probability-
Weighted Expected  Values (3)

Corporate Finance 
Statistic
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Net Cash Flows Should Be Probability-
Weighted Expected  Values (4)

The graphs illustrate the probability-weighted expected 
values of projected cash flows under a symmetrically 
distributed scenario and a skewed distribution scenario.


In both scenario A and scenario B, the most likely cash flow 
is $1,000. In scenario A, the expected value (probability 
weighted) is also $1,000. But in scenario B, the expected 
value is only $901. 


In scenario B, $901 is the figure that should appear in the 
numerator of the discounted cash flow formula, not $1,000. 


Most analysts do not have the luxury of a probability 
distribution for each expected cash flow, and it is not a 
common practice. 


However, they should be aware of the concept when 
deciding on the amount of each expected cash flow to be 
discounted. Corporate Finance 

Statistic
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Two Type of Free Cash Flow: to 
Investors and to Equity

FCF to Equity: It is the cash than can be pay out to shareholders  (in form of 
dividend or retained in the corporation for future purposes) after paying all 
the operative and non-operative expenses, taxes, interest and principal to 
bond-holders and dividend to preferred share-holders. It is discounted by 
the Cost of Equity Ke.


FCF to Investors: It is the cash available to all type of investors: bond-
holders, preferred shareholders and common shareholders. It is discounted 
by the Weighed Average Cost of Capital.


If a company is not leveraged, FCFs to Equity and FCSs to Investors are the 
same

Corporate Finance
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From Net Profit to FCSs to Investors
Net Income to common stock (after tax)


+ Non cash Operation (depreciation, amortization, deferred revenue, deferred taxes).


- Capital Expenditures


- Additions to net working capital 


+ Dividend to preferred equity


+ Interest 


- Tax shield


———————————————————————-


= Free Cash Flow to Investors
Corporate Finance
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From Net Profit to FCSs to Equity
Net Income to common stock (after tax)


+ Non cash Operation (depreciation, amortization, deferred revenue, deferred taxes).


- Capital Expenditures


- Additions to net working capital 


- Dividend to preferred equity


+ - Change in long-term debt (+ cash from borrowing - repayment) 


———————————————————————-


= Free Cash Flow to Equity
Corporate Finance
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FCFs to Investors or FCFs to Equity?
In evaluating a company or a company’s investment an analyst ought to 
focus on FCFs to investors, because, using just one number he keeps track 
of the entire project’s profitability, for all investors.


But he/she must also calculate the FCFs to Equity, because sometimes, 
changing the percentage of Equity/Debt or varying the interest rate, a project 
or a company can show positive FCFs to Investors and negative FCFs to 
Equity.


In this peculiar case, the project/company under rating is still profitable but, 
in order to pay back the long-term debt, the company will be forced to issue 
additional shares to raise cash, or - at least, not to pay dividend.

Corporate Finance
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The Net Working Capital
In its simplest definition is the difference between current assets and current liabilities. 


NWC = Accounts Receivable + Cash + Inventory - Accounts Payable 


Many analysts erroneously assume that the cash balances as of the valuation can be added dollar 
for dollar to the present value of future cash flows (or used to reduce outstanding debt); such an 
analysis is equivalent to assuming that all cash is surplus. 


Companies need some level of cash to operate. 


For smaller, risky companies, cash can serve as a value-preserving buffer against downturns, as well 
as a means of funding investment opportunities at less cost than raising new capital or borrowing it.


The analysis of the minimum level of cash needed requires an analysis of the cyclicality of the 
business and the variability of cash operating profits, as well as the availability and cost of funds to 
finance research and development and fixed assets. 

Corporate Finance 
Financial Accounting
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The Weighed Average Cost of 
Capital

It is the rate that a company is expected to pay to all its security holders. In other words the 
WACC is the market’s required rate to finance a certain project. 


WACC = Ke [E/(E+D+P)] + Kp [P/(E+D+P)] + Kd [D/(E+D+P)] x (1-Tax) 


Ke = Cost of Equity


Kd = Cost of Debt 


Kp = Cost of  Preferred Equity


E = Equity at market value


D = Debt at market value


P = Preferred equity at market value Corporate Finance 
The WACC
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Ke Estimation

WACC = Ke [E/(E+D+P)] + Kp [P/(E+D+P)] + Kd [D/(E+D+P)] x (1-Tax) 

Corporate Finance 
The WACC Components
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The Capital Asset Pricing Model

The CAPM model, developed by 
economists W. J. Sharpe, J. Lintner 
and J. Treynor


Expected risk premium on stock = Beta 
x expected risk premium on market


r - rf = Beta (rm - rf)

Corporate Finance 
CAPM
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The CAPM Model (2)

For more than 30 years financial theorists generally have favored the 
notion that using the Capital Asset Pricing Model (CAPM) is the 
preferred method to estimate the cost of equity capital. 


In spite of many criticisms, it is still one of the most widely used 
models for estimating the cost of equity capital, especially for larger 
companies.

Corporate Finance 
CAPM
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The CAPM Model (3)
The Capital Asset Pricing Model is part of a larger body of economic theory known as capital market theory 
(CMT). 


CMT also includes security analysis and portfolio management theory, a normative theory that describes how 
investors should behave in selecting common stocks for their portfolios, under a given set of assumptions. 


In contrast, the CAPM is a positive theory, meaning it describes the market relationships that will result if 
investors behave in the manner prescribed by portfolio theory. 


The CAPM is a conceptual cornerstone of modern capital market theory. Its relevance to business valuations 
and capital budgeting is that businesses, business interests, and business investments are a subset of the 
investment opportunities available in the total capital market; thus, the determination of the prices of 
businesses theoretically should be subject to the same economic forces and relationships that determine the 
prices of other investment assets.

Corporate Finance 
CAPM
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The CAPM Model (4)

Corporate Finance 
CAPM
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The CAPM Model (5)

Corporate Finance 
CAPM
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The CAPM Model (6)

Corporate Finance 
CAPM
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The CAPM Model (7)

Corporate Finance 
CAPM
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The CAPM Model (8) 

Corporate Finance 
CAPM
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The CAPM Model (9)
Following the CAPM method we have:


!

!

ERP = Equity Risk Premium 


Beta = Systematic risk is measured by a factor called beta. Beta measures the sensitivity of excess total 
returns (total returns over the risk-free rate returns) on any individual security or portfolio of securities to the 
total excess returns on some measure of the market, such as the New York Stock Exchange (NYSE) 
Composite Index or Standard & Poor’s (S&P) 500 Index.


RPs = Risk premium for size


RPu = Risk premium for unsystematic risk. At least the part which is not captured into the Beta.

+ RPs + RPu

Corporate Finance 
CAPM
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Corporate Finance 
Cost of Equity
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Risk Free Rate

A rate of return that is available in the market on an investment that is 
free of default risk.


Common academic practice in empirical studies of rates of return in 
excess of risk-free rate use realized monthly returns on 90-day 
government bills (e.g., Treasury or “T” Bills) as risk-free rate.

Corporate Finance 
Cost of Equity: Risk-free rate
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Risk-free Rate (2)
Problems: 


1. T-bill rates may not reflect market-determined investor return requirements due to central 
bank actions.


2. More volatile than yields on longer maturities.


Risk-free rate should reflect (1) investment horizon, and/or (2) planning horizon (average life of 
projects that are to be assessed using cost of capital estimate). 


Convention when valuing closely held businesses: use a yield on long-term government 
securities.


Long-term is most relevant for business valuations.

Corporate Finance 
Cost of Equity: Risk-free rate
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Risk Free Rate

Corporate Finance 
Cost of Equity: Risk-free rate
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Issues in Today’s Global Environment 
– Risk-Free Rate (Rf) 

During and after the 2008 Financial Crisis, the common inputs we use to estimate cost of capital 
have the potential of producing non-sensical results


Financial crises are often accompanied by a “flight to quality”. During these periods, current 
yields may be considered artificially low, and perhaps for reasons other than investor actions 
based on economic fundamentals. 


Policies adopted by the Federal Reserve (and central banks of other major countries) increasing 
the money supply by purchasing mid-term and longer-term bonds. (LSAR and others)


Speculators anticipating government and central bank intervention.

Corporate Finance 
Cost of Equity: Risk-free rate
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Issues in Today’s Global Environment 
– Risk-Free Rate (Rf)

What do you do during periods in which risk-free rates appear to be 
abnormally low due to “flight to quality" issues (or other factors).


Either normalizing the risk-free rate.


Or adjusting the equity risk premium.


Normalizing the risk-free rate is more direct and more easy to 
implement. 

Corporate Finance 
Cost of Equity: Risk-free rate
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Issues in Today’s Global Environment 
– Risk-Free Rate (Rf)

Corporate Finance 
Cost of Equity: Risk-free rate
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Issues in Today’s Global Environment 
– Risk-Free Rate (Rf)

Corporate Finance 
Cost of Equity: Risk-free rate
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Suggested Risk Free Rate

Risk Free Rate suggested by Duff & Phelps = 4.0% 

Corporate Finance 
Cost of Equity: Risk-free rate
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Beta: Systematic and Non 
Systematic Risk

!

Systematic Risk: Beta coefficient captures the systematic risk, which is is the uncertainty of future 
returns owing to the sensitivity of the return on the subject investment to movements in the returns 
for a composite measure of marketable investments.


Unsystematic risk: is a function of the characteristics of the industry, the individual company, and the 
type of investment interest. To the extent that the industry as a whole is sensitive to market 
movements, that portion of the industry’s risk would be captured in beta, the measure of systematic 
risk. Company-specific characteristics may include, for example, management’s ability to weather 
changing economic conditions, relations between labor and management, the possibility of strikes, 
the success or failure of a particular marketing program, or any other factor specific to the company. 


Total risk depends on both systematic and unsystematic factors.

Corporate Finance 
Cost of Equity: Beta
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Beta: Systematic and Non 
Systematic Risk (2)

A fundamental assumption of the CAPM is that the risk premium portion of 
a security’s expected return is a function of that security’s systematic risk. 


This is because capital market theory assumes that investors hold, or have 
the ability to hold, common stocks in large, well-diversified portfolios. 


Under that assumption, investors will not require compensation (i.e., a 
higher return) for the unsystematic risk because they can easily diversify it 
away. 


Therefore, the only risk pertinent to a study of capital asset pricing theory is 
systematic risk. Corporate Finance 

Cost of Equity: Beta
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Beta: Systematic and Non Systematic 
Risk. A graphical representation



Using Beta To Estimate The 
Expected Rate of Return

Beta Market

Beta > 1
When market rates of return move up or down, the rates of return for the subject tend to move in the same direction and with greater magnitude. For 

example, for a stock with no dividend, if the market is up 10%, the price of a stock with a beta of 1.2 would be expected to be up 12%. If the market is 
down 10%, the price of the same stock would be expected to be down 12%. Many hightech companies are good examples of stocks with high 

betas.security’s return goes in the same direction of the market but with an amplified effect. Many high-tech stocks follow this pattern.

Beta = 1 Fluctuations in rates of return for the subject tend to equal fluctuations in rates of return for the market.

Beta < 1
When market rates of return move up or down, rates of return for the subject tend to move up or down, but to a lesser extent. For example, for a stock with 
no dividend, if the market is up 10%, the price of a stock with a beta of .8 would be expected to be up 8%. The classic example of a low beta stock would 

be a utility that has not diversified into riskier activities.

Negative Beta
Rates of return for the subject tend to move in the opposite direction from changes in rates of return for the market. Stocks with negative betas are rare. A 

few gold-mining companies have had negative betas. Another example would be an investment company whose investment policy was to take short 
positions. It would have a negative beta

Corporate Finance 
Cost of Equity: Beta
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Working Out the Beta Coefficient
In this example Beta has been computed BEFORE the 

announcement of the first Apple’s dividend ever.

Corporate Finance 
Cost of Equity: Beta
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Working Out the Beta Coefficient: 
The Formulas

Corporate Finance 
Cost of Equity: Beta
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Working Out the Beta Coefficient: 
The Linear Regression

Corporate Finance 
Cost of Equity: Beta
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Corporate Finance 
Cost of Equity: ERP

78



The ERP Estimation

There are two broad approaches to 
ERP estimation 

Corporate Finance 
Cost of Equity: ERP
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The ERP Estimation (2)
Estimating the ERP is one of the most important decisions the analyst 
must make in developing a discount rate.


For example, the effect of a decision that the appropriate ERP is 4% 
instead of 8% in the Capital Asset Pricing Model(CAPM) will generally 
have a greater impact on the concluded discount rate than alternative 
theories of the proper measure of other components, such as beta.


There is no one universally accepted methodology for estimating ERP. 


A wide variety of premiums are used in practice and recommended by 
academics and financial advisors. Corporate Finance 

Cost of Equity: ERP
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The ERP Estimation (3)
While an analyst can observe premiums realized over time by referring to 
historical data (i.e., realized return approach or ex post approach), such 
realized premium data do not represent the ERP expected in prior periods, 
nor do they represent the current ERP. 


Rather, realized premiums may, at best, represent only a sample from prior 
periods of what may have then been the expected ERP.


Alternatively, you can derive implied forward-looking estimates for the ERP 
from data on the underlying expectations of growth in corporate earnings 
and dividends or from projections of specific analysts as to dividends and 
future stock prices (ex ante approach). Corporate Finance 

Cost of Equity: ERP
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The ERP Estimation (4)

The goal of either approach is to estimate the true expected ERP as 
of the valuation date. 


Even then the expected ERP can be thought of in terms of a normal 
or unconditional ERP (i.e., the long-term average) and a conditional 
ERP based on current levels of the stock market and economy 
relative to the long-term average.

Corporate Finance 
Cost of Equity: ERP

82



ERP Estimation. The “ex Post” 
Approaches

Corporate Finance 
Cost of Equity: ERP
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ERP Estimation. The “ex Post” 
Approaches (2)

Corporate Finance 
Cost of Equity: ERP
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The WWII Interest Rate Bias
The years 1942 through 1951 reflected a period of artificial stability in U.S. government bond interest 
rates. 


During WorldWar II, the U.S. Treasury decreed that interest rates had to be kept at artificially low levels 
in order to reduce government financing costs. 


This led to the Federal Reserve’s April 1942 public commitment to maintain an interest rate ceiling on 
government debt, both long term and short term.


AfterWorldWar II, the Fed continued maintaining an interest rate ceiling, due to the Treasury’s pressure 
and, to a lesser extent, a fear of returning to the high unemployment levels of the Great Depression.


But postwar inflationary pressures caused the Treasury and the Fed to reach an accord announced 
March 4, 1951, freeing the Fed of its obligation of pegging interest rates.
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The WWII Interest Rate Bias (2)
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The WWII Interest Rate Bias (3)
During these 10 years, long-term U.S. government income returns averaged 2.3%, while inflation averaged 
5.7%, indicating that the realized risk premiums calculated for these years was biased high compared with 
a more normal risk-free rate benchmark. 


To better understand the effect of the interest rate accord on the realized risk premiums, Grabowski 
recalculated the realized risk premiums for 1926 through 2011 after normalizing the income return on long-
term U.S. government bonds for the years 1942 through 1951 to an amount at least equal to the annual 
rate of inflation as reported in the SBBI Yearbook (except 1949, when inflation was -1.8%). 


Making that adjustment lowered the realized risk premium from the published 6.62% to 6.22% for 1926–
2011. 


One can interpret the results as the realized risk premium data reported in the SBBI Yearbook is biased 
high by 40 basis points (0.40%). We will term this theWWII Interest Rate Agreement bias.
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Has the relationship between stocks 
and bonds changed?
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Has the relationship between stocks 
and bonds changed? (2)
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 Has the relationship between stocks 
and bonds changed? (3)
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Comparing Investor Expectations to 
Realized Risk Premiums

A series of studies sought to improve the estimate of the true ERP by 
removing the effects of any changes in underlying economics that caused 
the realized risk premiums to differ from the ERP investors expected. 


For example, Robert Arnott and Peter Bernstein conclude that the long-
run normal ERP is approximately 4.5% on an arithmetic average basis 
(for the period studied, 1926 to 2001). 


Recent years, the long-run normal ERP is approximately 3.5% on an 
arithmetic average basis for 1926 to 2010 period
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Comparing Investor Expectations to 
Realized Risk Premiums (2)

Eugene Fama and Kenneth French examine the unconditional expected 
stock returns from fundamentals, estimated as the sum of the average 
dividend yield and the average growth rate of dividends or earnings 
derived from studying historical observed relationships from 1872 to 2000. 


They conclude that investors (during the period they studied, 1951 to 2000) 
should have expected an ERP lower than the actual realized risk premium. 


Their calculations indicate implied ERP of 2.6% (based on dividend growth 
rate fundamentals) or 3.6% (based on earnings growth rate fundamentals)
(arithmetic average).
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Comparing Investor Expectations to 
Realized Risk Premiums (3)
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Comparing Investor Expectations to 
Realized Risk Premiums (4)

Each of these studies attempts to improve the estimate of the true 
ERP by removing the effects of changes in underlying economics that 
caused the realized risk premiums to differ from the ERP investors 
expected. 


The greater than expected historical realized equity returns were 
caused by an unexpected increase in market multiples and a decline 
in discount rates relative to economic fundamentals.
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ERP Estimation: Forward-Looking 
(Ex Ante) Approaches
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“Bottom-up” ERP Estimates

Bottom-up ERP estimates. Uses expected growth in earnings or dividends 
to estimate a bottom-up rate of return for number of companies.


Averaging of the implied rates of return (weighted by market value) for a 
large number of individual companies and then subtracting the 
government bond rate.


Attempts to directly measure investors’ expectations concerning the 
overall market by using forecasts of the rate of return on publicly traded 
companies.
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“Bottom-up” ERP Estimates
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“Bottom-up” ERP Estimates

Studies have indicated that analysts’ earnings forecasts (such as 
those reported by I/B/E/S and First Call) are biased high. 


These biases lead to high implied estimates of ERP. 


It is also possible that the implied ERP estimates may overstate 
expected returns because analyst earnings and cash flow forecasts 
are prone to error, with the error increasing for firms with high volatility 
of earnings.
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Forward-Looking Estimates of 
Conditional ERP – “Top Down”

Top-down ERP estimates. Uses the relationship across publicly 
traded companies over time between real stock returns, price/
earnings ratios, earnings growth, and dividend yields.


An estimate of the real rate of equity return is developed from 
current economic observations applied to the historic relationships.


Subtracting the current rate of interest provides an estimate of the 
expected ERP implied by the historical relationships.
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Forward-Looking Estimates of 
Conditional ERP – “Top Down”

Hassett 


Estimates the implied ERP and estimated S&P 500 based on the current yield on long-term U.S. government bonds and 
the risk premium factor (RPF) 


Risk premium factor (RPF) is empirically derived relationship between


Risk-free Rate


S&P 500 earnings 


Real interest rates 


Real GDP growth vs. S&P 500 


Attributes a significant increase in price-to-earnings ratio for the market since the 1980s to the decline in the risk-free rate. 


Risk-free rates will cause an increase in the ERP and cause the price-to-earnings multiple for the market to contract.
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Forward-Looking Estimates of 
Conditional ERP – “Top Down”

Corporate Finance 
Cost of Equity: ERP

101



Forward-Looking Estimates of 
Conditional ERP – “Top Down” Survey

Relies on opinions of investors and financial professionals through 
surveys of their views on the prospects of the overall market and the 
return expected in excess of a risk-free benchmark.


Limitations:


Result are extremely volatile


Tend to be short term
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Forward-Looking Estimates of 
Conditional ERP – “Top Down” Survey

Pablo Fernandez 


“US Market Risk Premium used in 2012 by Professors, Analysts, Managers of 
Companies, and Managers of Financial Companies: a survey used for 82 countries with 
7,192 answers” (June, 2012)


!

FINCO = Managers of financial companies Source: Pablo Fernandez, Javier 
Aguirreamalloa, and Luis Corres, “Market Risk Premium Used In 82 Countries In 
2012: A SurveyWith 7,192 Answers”, IESE Business School – University of Navarra, 
working paper, June 2012.
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Forward-Looking Estimates of 
Conditional ERP – “Top Down” Survey
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Forward-Looking Estimates of 
Conditional ERP – “Top Down” Survey
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Forward-Looking Estimates of 
Conditional ERP – “Top Down” Survey

Graham and Harvey


“Expectations of Equity Risk Premia, Volatility and Asymmetry from a Corporate Finance Perspective,” 
working paper (July 2003); “The Equity Risk Premium in 2010,” working paper (August 2010); updated 
quarterly by Duke CFO Outlook Survey(www.cfosurvey.org). 


Estimate expected risk premium on multi-year survey of CFOs. 


Followed up with continuing quarterly surveys:


Survey attracts about 400 respondents (10% from companies with less than $10 million in revenue; 
50% from companies with less than $500 million in revenue; 40% are private companies)


Ask for 1-year and 10-year risk premia (expected return on S&P 500; premium calculated over 10-
year Treasury bond)
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Forward-Looking Estimates of 
Conditional ERP – “Top Down” Survey
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Forward-Looking Estimates of 
Conditional ERP – “Top Down” Survey
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Long-term unconditional ERP 
estimate

Based on the studies and the data presented, we conclude that a reasonable 
long-term estimate of the average or unconditional U.S. ERP is 3.5% to 6.0%. 


Consistent with 1926-2010 SBBI Valuation Yearbook supply side U.S. ERP 
estimate minusWWII interest rate bias = 5.5%.
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Long-term unconditional ERP 
estimate (2)
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Long-term unconditional ERP 
estimate (3)

In scenario A, we see the long-term trend 
in the returns in large company stocks. 


This is equivalent to the long-term ERP 
estimate over time. We all know that the 
stock market goes through cycles. 
Stocks get bid up at times faster than 
the long-term average. 


In scenario A, we see a depiction of one 
of those upward cycles when the returns 
increase faster than the long-term 
average (“above average”).
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Long-term unconditional ERP 
estimate (4)

Assume we are estimating the conditional ERP at the valuation date 
(indicated by the vertical line). 


The conditional ERP will be lower than the average for some time in 
order for the average over the long-run to return to the average(that is, 
because it was above the average for a period, it will be below 
average to get back to the average).


These above average returns occurred during the “tech boom”; 
assume our valuation date were at the peak of the tech boom, the 
conditional ERP at that point would be less than the average.
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Long-term unconditional ERP 
estimate (5)

Similarly in scenario B we see a decline from 
the long-term average (e.g., last half of 2008). 


Assume we are estimating the conditional 
ERP at the valuation data (indicated by the 
vertical line). 


The conditional ERP will be greater than the 
average for some time in order, for the 
average over the long-run to return to the 
average (that is, because it was below the 
average for a period, i.e., losses during 2008, 
it will be above average to get back to the 
average).
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Conditional Estimate of ERP and The 
Recession of 2008-2011

The crisis of 2008 - 2009 and the resulting recession of 2008-2011 have not been 
ordinary times. 


If one simply added an estimate of the ERP taken from commonly used sources used 
during normal economic times to the spot yield on 20-year U.S. government bonds 
on December 31, 2008, one would have arrived at an estimate of the cost of equity 
capital that was too low. 


As of December 2007, for example, the yield on 20-year U.S. government bonds 
equaled 4.5%, and the SBBI realized risk premium for 1926–2007 was 7.1%.


But at December 2008, the yield on 20-year U.S. government bonds was 3.0%, and 
the SBBI realized risk premium for 1926–2008 was 6.5%.
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Conditional Estimate of ERP and The 
Recession of 2008-2011(2)

So just at the time that the risk in the 
economy increased to maybe the 
highest point, the base cost of equity 
capital using realized risk premiums 
decreased from 11.6% (4.5% plus 
7.1%) to 9.5% (3.0% plus 6.5%). 


Assume one obtains the estimate of 
ERP from the SBBI Valuation Yearbook. 
We get the following base cost of 
equity capital:
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Conditional Estimate of ERP, the Crisis of 
2008-2009 and the Post-Crisis Recession

During the post-crisis recovery period we have witnessed a second “flight to 
quality” in 2010 which began with the euro-sovereign crisis Interest rates on T-bills 
and T-bonds were also kept abnormally low due to the 2nd quantitative easement 
program of the Federal Reserve Bank (“QE2”).


In 2011 we witnessed a third “flight to quality” which accompanied a return of the 
euro-sovereign crisis.


Yet, as we already seen speaking about Risk-free rate, the result is one must either:


estimate a normalized risk-free rate, or


estimate a constantly changing conditional ERP
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Using Implied Cost of Equity to 
Estimate Conditional ERP
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Using Implied Cost of Equity to 
Estimate Conditional ERP (2)

Estimating ERP: One can use either:


a “top down” estimate of the expected return for the market as a 
whole or 


a “bottom up” estimate by aggregating company estimates 
(Damodaran’s approach) 


to estimate cost of equity capital; then subtract risk-free rate. 
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Implied Conditional ERP Estimates
Should one use actual risk-free rates or normalized risk-free rates?


In any period in which the risk-free rate is temporarily reduced due to the flight-to-quality, one 
must re-estimate the ERP


Requires monthly adjustment to the ERP estimate


Assumes implied ERP model is accurate


Assumes inputs are updated in a timely fashion (analysts tend to update estimates with a lag)


Are we assuming a precision that is unjustified?


Given that we are valuing entire businesses, do the values of the subject businesses change 
monthly with such precision?
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Damodaran Implied Conditional ERP 
Estimates

Calculates implied ERP estimates for the S&P 500 (US) and publishes 
his estimates on his website.


He uses a two-stage model, projecting expected distributions 
(dividends and stock buybacks) based on an average of analyst 
estimates for earnings growth for individual firms comprising the S&P 
500 for the first five years and the risk free rate thereafter (since 1985).


He solves for the discount rate, which equates the expected 
distributions to the current level of the S&P 500.
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ERP Methodology

Some evidences:


There is no single universally accepted method for estimating the 
equity risk premium (ERP). 


Each ERP model has strengths / weaknesses.


None of the ERP models can stand alone.


Multiple ERP models should be used.
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A two-dimensional Process
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Step 1: What is a reasonable range of 
ERP over an entire business cycle?

The objective is to establish a reasonable range for a normal or 
unconditional ERP that can be expected over an entire business cycle. 


Based on the analysis of academic and financial literature and various 
empirical studies, we have concluded that a reasonable long-term estimate 
of the normal or unconditional ERP for the U.S. is in the range of 3.5% to 
6.0%.
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Step 2: Where in the Range Are We?

The objective is to determine where within the unconditional ERP 
range should the conditional ERP be, based on current economic 
conditions
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The ERP is cyclical
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Current Recommendation

Duff & Phelps’s Recommended ERP = 5.0% (last change February 
2013)


http://www.duffandphelps.com/expertise/Pages/
Cost_of_Capital.aspx
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The Duff & Phelps Recommended ERP 
and Corresponding Risk-Free Rates
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The Size Effect (RPs)

!

The size effect is based on the empirical observation that companies 
of smaller size are associated with greater risk and, therefore, have 
greater cost of capital. 


The size effect is not without controversy. For example, it is not clear 
whether this is due to size itself, or another factor closely related to 
size.
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The Size Effect (2)

Size of a company is one of the most important risk elements to 
consider when developing cost of equity estimates (COE). 


Traditionally, researchers use market value of equity as a measure of 
size. Center for Research in Security Prices (CRSP) created “deciles” 
of U.S. companies sorted by market capitalization. 


Fama and French created their “Small minus Big” (SMB) series
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The Size Effect (3)
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The Size Effect (4)
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Does the Size Effect Still Exist?

In the last 40 years, many researchers have investigated the size 
effect and reached a variety of conclusions. 


One recent study concluded:“The justification for a size premium in 
cost of capital estimates seems weak given empirical research on 
public firms.” 


This analysis presented a statistical examination of the average 
monthly returns of Fama-French’s “small minus big” (SMB)
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However, average monthly return may not be the proper measure to examine the size 
effect.  Actual performance of an investment over a period is what is important to an 
investor.


For example, say you invested $1 and experienced a 10 percent gain in the first 
year, and a 10 percent loss in the second year. 


While your“average” return is 0 percent ((10% + (-10%) / 2)), the actual 
performance of your $1 investment over the 2-year period is a loss of -1 percent: in 
year 1, your investment increased to $1.10, in year 2, your investment decreased to 
$0.99. 


You have less “money in your pocket”, even though your average return (0%) 
suggests that nothing has changed Corporate Finance 

Cost of Equity: Risk 
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Is Size Effect a Proxy or Liquidity?

Research on returns as related to “size” is abundant, but over time a 
growing body of work investigating the impact of “liquidity” on returns 
has emerged.


Early as 1986, Amihud and Mendelson noted that“…market-observed 
average returns are increasing function of the spread…” (i.e., less 
liquid stocks out perform more liquid stocks)
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Is Size Effect a Proxy or Liquidity?

Abbot and Pratt 


Suggest that the “…difference between mean returns on size sorted 
portfolios is smaller than the difference between mean returns on 
liquidity sorted portfolios”


Implying that between size and liquidity, “… liquidity may be the 
dominant factor in asset pricing.”on returns as related to “size” is 
abundant, but over time a growing body of work investigating the 
impact of “liquidity” on returns has emerged.
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Is Size Effect a Proxy or Liquidity?
Ibbotson, Chen, and Hu 


Suggest typical measures of liquidity employed in the literature are each “… highly 
correlated with company size.”


Identify two main sources of greater returns of less liquid stocks:


Liquidity versus Illiquidity


Premium for any characteristics investors demand


Less liquid stocks get lower valuations, which allows investors to buy stocks at a discount 
and Pratt Suggest that the “…difference between mean returns on size sorted portfolios is 
smaller than the difference between mean returns on liquidity sorted portfolios”
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The Size Effect: Summary

The data suggest that the size premium changes over time, but is a 
persistent effect over longer periods.


Holding period returns are likely a better gauge of past performance 
than is a comparison of average returns.


The relationship between “small” and “large” has changed over time, 
and is likely less in more recent periods than in prior periods.
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The Company Specific Risk

This is the most controverse issue in Corporate Finance, because it 
bears the most “subjective” degree of risk.


It is the risk linked specifically to the corporation under analysis and 
its ability to create value independently from market movements and 
from its dimensions.


 Adding a company specific risk to the overall weighted average cost 
of capital is a matter of analyst’s knowledge and historical data (if 
they are available).

Corporate Finance 
Cost of Equity: Risk Premium for Unsystematic Risk 

(Company specific)  RPu

138



Kp Cost of Preferred Equity

WACC = Ke (E/E+D+P) + Kp (P/E+D+P) + Kd (D/E+D+P) (1-Tax) 
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Kp Cost of Preferred Equity (2)

Preferred Equity shares some characteristics from both Equity and 
Senior Debt.


Technically they are part of Equity both the peculiarity of their 
dividend distribution has many similitudes with the payment of long-
term debt interest.


Another peculiar feature of preferred equity is that - normally - they 
do not have voting right at the Annual General Meeting.
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Kp Cost of Preferred Equity (3)
❖ The estimation of Kp is relatively straightforward: !

❖ Kp = K div. / K Mp x ( 1 - K ip)!

❖ where:!

❖ Kp = Cost of Preferred Equity!

❖ K div = Dividend associated to preferred equity!

❖ K Mp = Market value of Preferred Equity!

❖ K ip = Cost of issuance Corporate Finance 
Cost of Preferred Equity
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Kp An Example

❖ Suppose that the dividend of some preferred equity is $ 1.8 per share. 
Their market value is $ 70 and the cost of issuance is - in percentage - 
3%.!

❖ Kp = 1.8 / (70 x (1-0.03)) = 2.65 %
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Kd Cost of Debt

WACC = Ke (E/E+D+P) + Kp (P/E+D+P) + Kd (D/E+D+P) (1-Tax) 
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Cost of Debt

Normally, it is only the long-term debt that matters for value 
purposes.


An analyst can easily find it in the balance sheet’s notes.
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The Capital Structure
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The Capital Structure. An Example

5 mil. of common stock issued and outstanding.


Market price of common stock $8,00.


1 mil. of preferred stock issued and outstanding.


Market price of preferred stock: $20,00.


$10 mil. face value of bonds issued and 
outstanding


Closing bond price: 90 (This means 90% of 
face value. Because bonds usually have 
$1,000 face value, this would be $900 per 
bond.)

Component N. of shares Price Component 
Total Weight

Common stock 5,000,000 $8 $40,000,000 58%

Preferred stock 1,000,000 $20 $20,000,000 29%

Bonds $10,000,000 0,90 $9,000,000 13%

100%
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The WACC’s Components
WACC = (ke x We) + (kp x Wp) + [Kd x Wd (1-t)] 

ke = cost of equity.


We = percentage of common stock (market value) into the capital structure.


kp = cost of preferred equity.


Wp = percentage of preferred stock (market value) into the capital structure.


kd = cost of debt.


Wd = percentage of long-term debt (market value) into the capital structure


t = Tax rate.
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Evaluate WACC
1. Identify the number of shares or units of each component of the capital structure.


2. Determine the market price per unit of each component of the capital structure as of 
the valuation date.


3. Multiply the number of units of each component by the market price per unit. This 
gives the total market value for each capital structure component.


4. Sum the total market values of each component, from step 3. This gives the market 
value of invested capital (MVIC).


5. Divide the total market value of each component (from step 3) by the total MVIC(from 
step 4). This gives the percentage weight to be accorded to each component of the 
capital structure.
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WACC: An Example

Recall from the previous slides:


We = 58%, Wp = 29% and Wd = 13%


Suppose ke =  9.1 %, kp = 15% and Kd = 4%


Tax = 30%


WACC = (0.091 x 0.58) + (0.15 x 0.29) + (0.04x(1-0.30) x 0.13)) = 0.10 
= 10%
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The calculation of DCF (NPV) from 
FCFs. An Example
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An Alternative to NPV Method: The 
IRR

Mathematically the IRR is the rate that sets the NPV equal to zero, 
supposing it exists and it is unique.
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NPV e IRR

An investment creates values when:


Its NPV is positive or.


Its IRR is higher than its cost of capital.
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The pitfalls of IRR

The NPV technique leads to a less misinterpretation than IRR 
technique.


But, likewise the concept of EPS, many executives and investment 
banks still prefer - or at least use - the IRR.


Because of the math inside the IRR technique, when cash flows 
change sign, the IRR ratio can have 2 values that have to be 
interpreted.
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The pitfalls of IRR (2)

Corporate Finance 
The IRR

154



The choice among alternative 
investments

Many decisions in everyday’s corporate finance are about mutually 
exclusive investments. In other words a corporation has to choose 
among many potential investments. 


Normally, managers choose investments with the highest NPV, given 
the WACC.


Although, using the IRR instead of the NPV technique can lead to 
some misinterpretations.
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Alternative investments (2)

Consider two potential 
investment: 1 & 2.


Discount rate = 10%.


t0 t1 t2 t3 NPV IRR

1 -2500 1200 1300 1450 754.70 25.90%

2 -2500 1300 1300 1300 732.91 26.01
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Alternative investments (3)
Here the nitty-gritty is still the relationship between NPV and IRR. Using low cost 
of capital rate, the investment 1 performs better than the 2. Using higher cost of 
capital the investment 2 is better.


With the NPV technique the choice among investments is easy to do. Given a 
peculiar cost of capital, the investment with the highest NPV is the investment to 
undertake. So, if the cost of capital is low, the investment 1 is better. On the 
contrary if the cost of capital is relatively high, the investment 2 is the best choice.


Using IRR technique, the analysis can be misguided. Using, for example a cost of 
capital of 10%, the IRR leads to choose the less efficient investment.
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 Alternative investments (4)
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The capital rationing

In Corporate Finance there are many techniques to help managers in 
their choices among investments.


We are going to see some of them.
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The capital rationing (2)

A manager has to choose 
among these three 
investments:


With a maximum budget of 
$ 5000.


Which is the best 
investment?

Investment Outlay at t0 NPV

E -1000 300

F -2000 560

G -5000 870
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The capital rationing (3)

Maybe G, that shows the highest NPV?


Or maybe the sum of E and F, that show a slightly lower NPV but 
associated with a save of $ 2000 referred to the initial outflow?
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The capital rationing (4)

The NPV is the value of all project or investment’s cash flows, 
discounted at the WACC. It has to be compared to other investments 
in the capital market.


Suppose that the three investment under analysis have an horizon of 
only 1 year. The cost of capital is 10%.
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The capital rationing: a among many 
investments or projects (5)

!

The additional £ 2000 get a return of $6457 - $2816-$1430 = $2211


The best investment is of course G. Because it doesn’t get only $ 10 
of additional NPV but because, comparing the three investments, it 
gets a return of $ 2211 higher than the sum of the other ones.
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The Profitability Index

The investments are 
ranked in PI decrescent 
order.


Managers do prefer 
investment with higher PI 
score.
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The Payback Period Method

It is a very simple method to determine the number of years needed 
to repay an investment. 


Suppose we have an investment with the followings cash flows
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The Payback Period Method (2)

The cost of capital is  = 8 % so:
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The Payback Period Method (3)
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Investments With Different Lifetime. 
The Equivalent Annual Cost

!

Suppose a corporation need to buy a machinery. The possible choice 
is between two different types. 


Type A is more expensive than type B, but has a longer lifetime and 
needs fewer maintenance costs. 


Which is best way to choose between them?
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Investments With Different Lifetime. 
The Equivalent Annual Cost (2)

Suppose that 10% is the appropriate cost of capital and the above are the 
related cosh flows.


It turns out that type B has a NPV = -$ 15,678 and type B has NPV = -$21.461.


Because it is a cost, we have to choose the cheeper one, but the two 
machinery has a different lifetime. 


How to solve it?
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Investments With Different Lifetime. 
The Equivalent Annual Cost (3)

The nitty-gritty is to transform the non-equivalent cash-flows into a 
serie of equivalent ones. 


To get a constant annuity with the same PV like the ones we are 
analyzing. 


Then we compare the equivalent annuity for each investment and 
choose the one with the lowest NPV.
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Investments With Different Lifetime. 
The Equivalent Annual Cost (4)

Type A NPV = -$21.461 3 years lifetime


Type B NPV = -$15.678 2 years lifetime


$ 21.461 / 2.4869 = $ 8,630


$ 15.678 / 1,7355 = $ 9,034


If the quality is the same, type A is the 
cheapest one.
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Common Errors in the Cost of 
Capital Evaluation

Confusing Discount Rates with Capitalization Rates 


Using the Firm’s Cost of Capital to Evaluate a More or Less Risky Acquisition or Project 


Mistaking Historical Rates of Return for Expected Rates of Return 


Mismatching the Discount Rate with the Economic Income Measure 


Using a Safe Rate to Discount or Capitalize a Risky Return 


Applying a Discount Rate in Real Terms to an Economic Income Projection in Nominal (Current) Terms 


Applying Costs of Capital Derived from After-tax Returns to Pretax Returns 


Subtracting a Short-term Super-growth Rate from the Discount Rate to Get a Capitalization Rate 


Applying a Discount Rate Applicable to Net Cash Flow to Net Income 


Performing an Excess Earnings Method Valuation That Results in an Unrealistic Cost of Capital 


Projecting Growth beyond That Which the Capital Being Valued Will Support Internally Inconsistent Capital Structure Projection
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MAYBE ….



Estimating Stock Prices. A (pretty) 
prime in Stochastic Theory

A sequence of random variables X1, X2, . . .  is called a stochastic 
process  or random process with discrete time parameter . 


The first random variable X1 is called the initial state  of the process; 
and for n =  2,  3, . . . ,  the random variable Xn  is called the state of 
the process at time n .
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Markov Chains

A stochastic process with discrete time parameter is a Markov chain if, for 
each time n , the conditional distributions of all Xn+j  for j ≥  1 givenX1, . . . 
, Xn depend only on Xn  and not on the earlier states X1, . . . , Xn−1 .


According to the Efficient Markets Hypothesis (EMH), prices reflect all 
publicly available information and they instantly change to reflect new 
public information.


So we can approximate that stock prices follow a Markov Chain. 


But how they change?
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Estimating Stock Prices. The 
Random Walk Theory

The random walk hypothesis  states that the single-period log 
returns, rt  = log(1 + Rt ), are independent. Because
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The Random Walk
The previous equation is an example of a random walk model. Let Z1;Z2; : : :  be i.i.d. with mean μ  and 
standard deviation σ Let S0  be an arbitrary starting point and 


St  = S0  + Z1  + ….  + Zt; t >  1


The process S0; S1; …  is called a random walk  and Z1;Z2; …  are its steps. 


If the steps are normally distributed, then the process is called a normal random walk . The expectation 
and variance of St , conditional given S0 , are E (St |S0 ) = S0  +μt  and Var(S±S0 ) = σ^2 . The parameter μ  
is called the drift and determines the general direction of the random walk. The parameter σ  is the volatility  
and determines how much the random walk fluctuates about the conditional mean S0  +μt . Since the 
standard deviation of St  given S0  is σ * SQRT(t),(S0 +μt ) +- σ * SQRT(t) gives the mean plus and minus 
one standard deviation, which, for a normal random walk, gives a range containing 68%  probability. 


The width of this range grows proportionally to sqrt(t)  , showing that at time t  = 0 we know far less about 
where the random walk will be in the distant future compared to where it will be in the immediate future.
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Geometric Brownian Motion
Knowing that: 
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Geometric Brownian Motion (2)

We call such a process whose logarithm is a random walk, (arithmetic 
brownian motion) a geometric brownian motion (geometric random 
walk).


If r1, r2, … are iid N (μ,σ^2) then Pt is lognormal for all t and the 
process is called a lognormal geometric brownian motion with 
parameters (μ, σ^2).
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Geometric Brownian Motion (3)
In other words the price of a stock can be approximated by two components: 


1. The drift μ which is proportional to time and to the stock’s sample expected return 


μ dt


2. A stochastic component 


σ ε Sqrt (Δt)


!

!

!

Where ε is and iid random variable with N (0,1).
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Geometric Brownian Motion (4)
A straightforward application of It^o's lemma (to F (X ) = log(X )) yields the solution:

Ito’s Lemma
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Geometric Brownian Motion: A 
Graphical Example
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Geometric Brownian Motion: A 
Graphical Example (2)
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From Theory to Practice

Suppose we want to modelize the Standard And Poor’s 500 Index 
and then replicate it using the Geometric Brownian Motion Model.


First of all we get the monthly price index of the last 10 years. 


Then we develop the GBM using the first index price as our S0 and 
we compare it with the real S&P’s 500 Index.


We can do it by using a spreadsheet like Excel

Stochastic Processes 
Excel
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From Theory to Practice (2)

Suppose we want to 
modelize the Standard And 
Poor’s 500 Index and then 
replicate it using the 
Geometric Brownian Motion 
Model.


We can do it by using a 
spreadsheet like Excel
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The Monte Carlo Method Applied to 
GBM

In order to have a better approximation just one simulation cannot be 
enough. 


The central idea in inferential statistics is that the data we observe are 
just one sample from a larger population. 


The goal of inference is to determine what evidence the sample 
provides about the relationship between variables in the population.
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The Monte Carlo Method Applied to 
GBM (2)

Like regression analysis, Monte Carlo simulation is a general term that has many meanings. 


The word “simulation” signifies that we build an artificial model of a real system to study and 
understand the system. The “Monte Carlo” part of the name alludes to the randomness inherent in 
the analysis:


The name “Monte Carlo” was coined by physicist Nicholas] Metropolis, inspired by Stanislaw Ulam’s 
interest in poker, during the Manhattan Project of World  War II, because of the similarity of statistical 
simulation to games of chance, and because the capital of Monaco was a center for gambling and 
similar pursuits. 


Monte Carlo is now used routinely in many diverse fields, from the simulation of complex physical 
phenomena such as radiation transport in the earth’s atmosphere and the simulation of the esoteric 
subnuclear processes in high energy physics experiments, to the mundane, such as the simulation 
of a Bingo game or the outcome of Monty Hall’s vexing offer to the contestant in “Let’s Make a 
Deal.”
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The Monte Carlo Method Applied to 
GBM (3)

Monte Carlo simulation is a method of analysis based on artificially 
recreating a chance process (usually with a computer), running it 
many times, and directly observing the results.


Because Monte Carlo simulation is based on repeatedly sampling 
from a chance process, it stands to reason that random numbers are 
a crucial part of the procedure.
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Monte Carlo and GBM: An Example
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Randomness and Excel
We begin with a simple but important claim: Excel, like all other computer software, 
cannot draw a true sequence of random numbers. At best, Excel’s random draws can 
mimic the behavior of truly random draws, but true randomness is unattainable. 


The inability of computer software to generate truly random numbers results from a 
computer program’s having to follow a deterministic algorithm to produce its output. 


If the previous number and the algorithm are known, so is the next number. 


Because the essence of randomness is that you do not know what is going to happen 
next, numbers produced by computer software are not genuinely random. 


Thus, Monte Carlo simulation with Excel is based on pseudorandom number 
generation.
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